In this paper, the performance of different structural models based on global approach in evaluating the static response of curvilinear fibre composite laminates is analyzed. A C o shear flexible Quad-8 element developed based on higher-order structural theory is employed for the present study. The structural theory accounting for the realistic variation of displacements through the thickness and the possible discontinuity in the slope at the interface is considered. Four alternate discrete structural models, deduced from the generic structural model by retaining various terms in the displacement functions are examined for their applicability. The accuracy of the present formulation is demonstrated considering the problems for which analytical solutions are available. A systematic numerical study, assuming different ply-angle and lay-up, is conducted in bringing out the influence of various structural models on the static response of composite laminates with curvilinear fibres.
Introduction
The need for high strength-to and high stiffness-to-weight ratio materials has led to the development of laminated composite materials. This class of material has seen increasing utilization as structural elements and as primary structures of large-scale aerospace structures [1] . This is because of the possibility to tailor the properties to optimize the structural response. Conventionally, the fibre reinforced composites have straight and unidirectional fibres. In this type of construction, the stiffness of the laminate does not vary in the domain. However, recently, the composite materials with varying stiffness has received greater interest, as they may lead to better and efficient design [2, 3, 4, 5] . The stiffness of the composite material can be varied by: (a) using curvilinear fibres [2] ; (b) varying the volume fraction or varying the fibre spacing [6] ; (c) dropping or adding plies to the laminate [7] and (d) attaching discrete stiffeners to the laminates [8] . Among these concepts related to variable stiffness composite laminates (VSCL), the approach of curvilinear fibre does not introduce major geometry variations, it however does impose the constraint on the curvature of the fibre. In the following, we restrict ourselves to work related to composite laminates with curvilinear fibres. Laminates with curvilinear fibres offers a wider degree of possibilities than variations of rectilinear fibre volume fraction and provides a solution to the problem of continuity when manufacturing a structure with different fibre angles in adjoining element. Furthermore, it exhibits a way to diminish the stress concentration in cutouts. Hyer and Lee [2] introduced the concept of variable stiffness panels to improve the structural response of panels with holes. Gürdal and Olmedo [9] studied the in-plane response of VSCL. Although the concept of tailored fibre orientation was developed in the nineties, the design based on VSCL has recently spurred interest among researchers [10, 11, 12, 13, 14, 15, 16] due to the improvement in the manufacturing capability [17, 18] . Kim et al. , [17, 18] have demonstrated a process to manufacture variable angle composites. When composite laminates are modelled as plate structures, with VSCL, the plate stiffness coefficients vary with spatial coordinates. Such laminates not only have variable in-plane stiffness, in general may possess variable bending and coupling stiffness. Abdallla et al., [10] by employing the classical lamination theory and the generalised reciprocal approximation, maximized the fundamental frequency of composite laminates. Their study showed that by employing VSCL significant increase in the fundamental frequency is achieved when compared to constant stiffness panels. This was later extended to study nonlinear dynamic response of VSCL. By using the p−version finite element, Akhavan and Ribeiro [11] studied the fundamental frequencies and mode shapes of laminated composites with curvilinear fibres. It was inferred that VSCL introduces greater degree of flexibility in adjusting the frequencies and mode shapes. Honda and Narita [12, 20] , studied the fundamental frequency of VSCL by employing classical plate theory. It was shown that the mode shapes of VSCL are significantly different from the constant stiffness laminated composites. Houmat [13] investigated the nonlinear free vibration of laminated rectangular plates with curvilinear fibres. Groh and Weaver [14] and Raju et al., [15, 21] studied buckling of variable thickness curvilinear fibre panel using differential quadrature method. It was inferred that for VSCL shell-like description more accurately characterizes the buckling phenomenon than a plate-like description. A 2D analytical model based on equivalent single-layer formulation introduced recently in [22] in predicting the static response of curvilinear fibre laminates and the governing equations were solved by employing the differential quadrature method. Akhavan et al., [16, 23] employed the p−version finite element and studied the response of laminated composites with curvilinear fibres under static and dynamic loads. The plate kinematics was represented by third-order shear deformation theory. It is evident from the literature that the dynamic response of VCSL has received greater attention, whilst, the studies on the static characteristics of VSCL structural elements are limited. The existing studies employed either classical lamination theory, first order or the third order shear deformation theory. However, these theories have limitation when employed to study the response of curvilinear fibre laminated composites. More accurate analytical/numerical models based on the three-dimensional models can be computationally involved and expensive. A layer wise theory is a possible candidature for this purpose, but it may be computationally expensive as the number of unknowns to be solved increases with increasing number of mathematical or physical layers. Hence, among the researchers, there is a growing appreciation of the importance of applying two-dimensional theories with new kinematics for accurate analysis. It is observed from the literature [24, 25, 26] that, for realistic structural analysis of laminated composites, higher-order theory with the inclusion of zig-zag function is necessary. The zig-zag function incorporated in the in-plane kinematics has been employed in [24, 25, 26, 27 ] to study laminated composites. Makhecha et al., [26] used higher-order accurate theory based on global approach for multilayered laminated composites by incorporating the realistic through the thickness approximations of the in-plane and transverse displacements by adding a zig-zag function and higher-order terms, respectively. A 8-noded quadrilateral element with 13 degrees of freedom per node was employed for the study. Recently, some researchers have attempted to combine the single layer and discrete layer theories to overcome the limitations of each one. Carrera [28] derived a series of axiomatic approaches for the general description of two-dimensional formulations for multilayered plates and shells. The formulation is a valuable tool for gaining a deep insight into the complex mechanics of laminated structures. In the same spirit, the main objective of this paper is to study the static response of laminated composites with curvilinear fibres. From the higher-order accurate theory, four alternate structural models are deduced by deleting the appropriate degree of freedom. A C o shear flexbile quadrilateral 8-noded element is used for the present study. The paper commences with a discussion on the variable stiffness composite laminates. Section 3 presents an overview of the higher-order accurate theory to describe the plate kinematics. The various structural models deduced from the higher-order accurate theory and the element employed to discretize the plate is discussed in Section 4. The influence of various structural models on the deflection and through thickness stress distribution is numerically studied for three layered symmetric and four layer anti-symmetric composite laminate with curvilinear fibers in Section 5, followed by concluding remarks in the last section.
Curvilinear fibre composite laminate
In the conventional laminated composites, the fibres are straight and the stiffness of the laminate is constant in the in-plane direction. However in the current study we employ curvilinear fibres. In this type of construction, the fibre path is not straight, instead it is a function of the spatial coordinates, i.e., the fibre path cannot be described by a single orientation. The main advantage is that the resulting stiffness is a function of the spatial coordinate as well. It is assumed that the fibre path varies linearly with x from a orientation T o at the center to T 1 at a distance a/2 from the center, where a is the total length of the laminate. The orientation of a single fibre is denoted by φ ± T o /T 1 , where φ denotes the rotation of the fibre path with respect to the x− axis. The reference fibre path is given by [13] :
Figure (1) shows a reference fibre path based on the above equation and the shifted fibres. In this study, the fibre orientation is assumed to be just a function of x and is given by [13] :
where T 0 and T 1 are the fibre angles at the ply centre, x = 0 and at the ends x = ±a/2, respectively and is denoted by < T 0 , T 1 >. The curvature κ is given by:
The curvature of the fibre path in the positive x axis is found by substituting the first and the second derivatives of the fibre path in Equation (3) . At each point along the fibre path, the curvature must be less than the maximum prescribed value of 3.28 m −1 [29, 13] . Figure ( 2) shows the design space for curvilinear fibre composite laminates. If at any spatial coordinate, the fibre curvature constraint is not satisfied, the corresponding fiber orientation is discarded. 
Higher order accurate theory
A curvilinear fibre composite plate is considered with the coordinates x, y along the in-plane directions and z along the thickness direction. The in-plane displacements u s k and v k , and the transverse displacement w k for the k th layer, are assumed as [25, 26] :
The terms with even powers of z in the in-plane displacements and odd powers of z occurring in the expansion for w k correspond to the stretching problem. However, the terms with odd powers of z in the in-plane displacements and the even ones in the expression for w k represent the flexure problem. u o , v o and w o are the displacements of a generic point on the reference surface; θ x and θ y are the rotations of the normal to the reference surface about the y and x axes, respectively; w 1 , β x , β y , Γ, φ x and φ y are the higher-order terms in the Taylor's series expansions, defined at the reference surface. ψ x and ψ y are generalized variables associated with the zigzag function, S k . The zigzag function, S k , as given in [24, 26, 30] , is defined by
where z k is the local transverse coordinate with the origin at the center of the k th layer and h k is the corresponding layer thickness. Thus, the zigzag function is piecewise linear with values of -1 and 1 alternatively at different interfaces. The 'zig-zag' function, as defined above, takes care of the inclusion of the slope discontinuities of u and v at the interfaces of the laminated plate as observed in the exact three-dimensional elasticity solutions of thick laminated composite plates. The main advantage of using such formulation is that such a function is more economical than a discrete layer approach [31, 32] . The strains in terms of mid-plane deformation, rotations of normal and higher-order terms associated with displacements are:
The vector ε bm includes the bending and membrane terms of the strain components, vector ε s contains the transverse shear strain terms and ε t contains the vector of thermal strains. These strain vectors are defined as:
where
and,
The subscript comma denotes partial derivatives with respect to the spatial coordinate succeeding it. The thermal strain vector, ε t is given by:
where ∆T is the rise in the temperature and is generally represented as a function of the spatial coordinates, α xx , α yy , α zz and α xy are thermal expansion coefficients in the plate coordinates and can be related to the thermal expansion coefficients in the material principal directions. The constitutive relations for an arbitrary layer k can be expressed as:
where the terms of Q k of k th ply are referred to the laminate axes and can be obtained from the Q k matrix corresponding to the fibre directions with the appropriate transformations. The transformed stiffnesses are constant in a straight fibre laminate whilst for a curvilinear fibre laminate, it is a function of spatial coordinates (x, y). The strain energy function U is given by
where δ is the vector of degrees of freedom and q is the distributed force acting on the top surface of the plate. By following the Galerkin procedure outlined in [33] , one obtains the following governing equations for static deflection
where K is the global stiffness matrix and f m and f t are the global mechanical and thermal load vectors, respectively.
Element description
In this paper, C o continuous, eight-noded serendipity quadrilateral shear flexible plate element is used. The finite element represented as per the kinematics based on Equation (4) is referred to as HSDT13 with cubic variation. The 13 dofs are:
. Four more alternate discrete models are proposed to study the influence of higher-order terms in the displacement functions, whose displacement fields are deduced from the original element by deleting the appropriate degrees of freedom. These structural models, and the corresponding degrees of freedom are listed in Table 1   Table 1 : Structural models employed in this study for describing the plate kinematics.
Finite element model Degrees of freedom per node
Numerical results and discussion
In this section, the static bending response of curvilinear fibre composite laminated plates using the eight-noded shear flexible quadrilateral element is presented. The effect of various parameters, such as the plate thickness, the ply-angle and the lay-up sequence on the global response is numerically studied considering mechanical and thermal loads. Here, the laminate is assumed to be simply supported with movable boundary conditions. For the higher-order structural theory (HSDT13), the boundary conditions are given by:
where a and b refer to the length and width of the plate, respectively. The transverse shear stresses are evaluated by integrating the three-dimensional equilibrium equations for all types of elements. The material properties, unless otherwise specified, used in the present analysis are:
where E, G and ν are Young's modulus, shear modulus and Poisson's ratio, respectively. L and T are the longitudinal and transverse directions, respectively, with respect to fibres. All the layers are of equal thickness and the ply angle is measures with respect to the x-axis. For the present study, the following two types of loadings are considered:
• Mechanical loading: q(x, y) = q o sin where q o and T o are the amplitude of the mechanical load and the thermal load, respectively. The physical quantities are non-dimensionalized by relations, unless stated otherwise:
for the applied mechanical load and by
for Table 2 for both thick and thin plates (a/h = 5 and a/h = 50) by employing both the first-and higher-order (FSDT5, HSDT13) structural models. A very good convergence of the results is observed with decreasing element size. For the problem considered here, a structured quadrilateral mesh with 6×6 mesh is found to be adequate to model the full plate. Before proceeding with the detailed investigation, the efficacy of the present formulation is validated considering the static response of cross-ply straight fibre laminates subjected to mechanical and thermal loads. The results obtained with the present formulation are shown in Tables 3 -4 for different plate side to thickness ratios. It is observed that the results from the present formulation agree very well with the results available in the literature [34] . Next, the various structural models proposed here are tested considering curvilinear fibre composite laminates subjected to mechanical load for which results are available in the literature [22] . The maximum transverse displacements calculated are tabulated in Table 5 for various plate side to thickness ratios. It can be observed from this Table  that the present results are found to be in excellent agreement with those reported in the literature [22] and it may be further inferred that the performance of the present HSDT13 structural model is better than the analytical model and 2D element employed in [22] . A systematic parametric study is further conducted to examine the suitability of an appropriate structural theory using different structural models deduced from the present formulation as given in Table 1 . The computed results pertaining to maximum displacements and stresses for different plate side to thickness ratios and curvilinear fibre angles ( T o /T 1 ) are highlighted in Tables 6 -7 . For the present study, a three-layered symmetric laminate configuration is considered. It is observed from the Tables 6 -7 that, for the mechanical load case, the higher-order model, HSDT11A, is in close agreement with HDST13 in predicting the displacements, whereas, for the thermal loading case, the higher-order model HSDT11B is in close agreement with the HSDT13. However, depending on the curvilinear ply-angle and the plate aspect ratio, the stress values predicted either by HSDT11A or HSDT11B are close to the values of full model, HSDT13. Also, it may be opined that the influence of lower-order theories, HSDT7 and FSDT5 underestimates the deflection and are somewhat different from those of HSDT13 and HSDT11 (HSDT11A and HSDT11B). The displacements and the stress distribution through the thickness are shown in Figures 3 -4 for thick laminate with curvilinear ply-angle ( 45 • /-45 • ). The in-plane displacement is continuous through the thickness whereas the transverse displacement varies quadratically through the thickness. Also, it can be seen that the slope of the in-plane displacements shows discontinuity at the interface as expected. From Tables 3-4 and Tables 6 -7 , one can opine that, for the straight fibre laminates, either HSDT11A or HSDT11B may in general be employed depending on the loading types (mechanical or thermal), however, for curvilinear case, HSDT13 may have to be used for accurate results. Furthermore, it is observed that the differences in the performance among various theories are more for curvilinear case compared to the straight fibre case. It can be further noted that the lower order models (HSDT7 and FSDT5) cannot predict the through thickness variation of displacements. Similar study is made considering four-layered anti-symmetric laminates and the maximum displacements and stresses evaluated considering both mechanical and thermal loads are presented in Tables 8 -9 . The displacement and stress plots through the thickness of the laminate are depicted in Figures 5 -6 for mechanical and thermal loads, respectively. The behaviour of different structural models are qualitatively similar to those of symmetric case. However, from Figures 3 -6 , it is seen that the variation of stresses through the thickness predicted by lower-order theories are very much quantitatively different from those of symmetric case.
Conclusion
The performance of various structural models in predicting the static response of curvilinear fibre composite laminates is examined considering various parameters such as ply-angle, lay-up sequence, plate side to thickness ratio and loadings. From a detailed investigation, the following observations can be made:
• HSDT11A predicts accurately the in-plane and transverse deflection of the curvilinear laminates subjected to Table 3 : Comparison of deflection and stresses for a three-layered cross ply simply supported square plate subjected to sinusoidally distributed mechanical load against elasticity solution [34] . Table 4 : Comparison of deflection and stresses for a three-layered cross ply simply supported square plate subjected to sinusoidally distributed thermal load against elasticity solution [34] . 08 1.1 1.12 1.14 1.16 1.18 1.2 1.22 1.24 1.26 1.28 1.3 1.32 (f) σzz = σzz(0, 0, z) Figure 6 : The variation of non-dimensional deflections and stresses through the thickness of a four-layered anti-symmetric curved fibre composite laminate under sinusoidally distributed thermal load with a/h = 5, To = -45
• , T1 = 45
• . mechanical loading, whereas, for thermal loading, HSDT11B model yields accurate solutions in comparison with those of the full structural model considered here, viz., HSDT13.
• The choice of HSDT11A or HSDT11B in evaluating the stress values and the variation of the stresses through the thickness highly depend on the plate side to thickness ratio and the curvilinear ply angle.
• The performance of higher-order models for anti-symmetric lay-up case, in general, significantly noticeable over the lower-order models.
• In-plane relative displacement has slope discontinuity at the layer interface whereas the transverse displacement varies quadratically through the thickness.
• Higher-order model HSDT13 may be required for accurate prediction of displacements and stress variation though the thickness, irrespective of loading situation, ply-angle and lay-up sequence, in particular, for curvilinear case. 
